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Abstract
The Cauchy problem for the system of equations of two-dimensional rotational
gas dynamics is considered. It is assumed that the Cauchy data are a smooth
compact perturbation of a constant state. Integral conditions for the data suffi-
cient for the loss of smoothness by a solution within a finite time are found. We
analyze the possibility of fulfilling these conditions and compare them with the
criterion of singularity formation, known for rotational gas dynamics without
pressure.
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condition
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1. Introduction
We consider a system for density ̺(x, t), pressure p(x, t), velocity u(x, t) and
entropy S(x, t):
∂t(̺u) + divx(̺u⊗ u) + ρlLu+∇xp = 0, (1)
∂t̺+ divx(̺u) = 0, (2)
∂tS + u · ∇xS = 0, (3)
p = expS̺γ . (4)
Here x ∈ R2, t > 0, γ > 1 is the heat ratio, L =

 0 −1
1 0

, l = const > 0
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is the Coriolis parameter.
The initial data are the following:
(u, ̺, p)|t=0 = (u0, ̺0, p0)(x) ∈ C1(R2), (5)
(̺0, p0)(x) > 0, (u0, ̺0, p0)(x) = (0, ¯̺0, p¯0) forx /∈ BR(0),
¯̺0, p¯0 = const > 0, BR(0) = {x
∣∣|x| < R, R = const > 0}.
The system is important because of geophysical applications, since it de-
scribes the height-averaged air movement in the atmosphere for middle-scale
processes [8]. For γ = 2 the system (1) – (4) corresponds to the equations of
rotating shallow water. If l = 0, then these are the standard hyperbolic com-
pressible Euler equations for polytropic gas; a review of the properties can be
found in [1]. System (1) – (4) can be written in a symmetric form, therefore
the solution of the Cauchy problem (1) – (5) keep initial smoothness at least for
small t [3]. At the same time, the solutions of nonlinear hyperbolic systems have
the property of losing smoothness, therefore one of the interesting and difficult
problems is to find a class of initial data leading to a blowup in a finite time. In
the well-known work [5], integral conditions for the initial data were found that
are sufficient for a loss of smoothness. This work has generated many results
of this kind for gas dynamics, as well as for systems associated with it, see,
for example, [11] and references therein. The results are in some ways simpler
for compactly supported solutions [16]. The most elegant theorems regarding
energy balance can be obtained for solutions with a finite moment of mass, the
pioneering work was [7]. Energy balance and sufficient conditions for a singu-
larity formation for compactly supported solutions of (1) – (4) were obtained in
[10], similar results for solution with a finite moment of mass are contained in
[11]. Estimates of unavailable potential energy were obtained in [12]. An impor-
tant result demonstrating that rotation prevents the formation of a singularity
can be found in [4], [2].
We note that the issue of the formation of a singularity is very important in
the meteorological context since singularities are associated with atmospheric
fronts. In addition, knowledge of the class of initial data leading to a blowup
2
helps to study the possibility of the existence of large atmospheric vortices such
as typhoons.
Let us introduce the following functionals.
G(t) =
1
2
∫
BR(t)
|x|2̺ dV > 0,
F1(t) =
∫
BR(t)
̺u · x dV, F2(t) =
∫
BR(t)
̺u · x⊥ dV, x⊥ = (x2,−x1)
Ek(t) =
1
2
∫
BR(t)
̺|u|2 dV, e(t) = Ek(t) + 1
γ − 1
∫
BR(t)
(p− p¯) dV,
m(t) =
∫
BR(t)
(̺− ¯̺) dV, P(t) =
∫
BR(t)
̺x dV, I(t) =
∫
BR(t)
̺v dV.
Such functionals are very convenient for studying various properties of a
rotating gas (see [10], [11], [14], [15])
We introduce the notation: BR(t) = {x
∣∣|x| < R + σt}, σ = √p̺|̺=¯̺ is the
sound speed (speed of propagation of perturbations).
First of all we note that for C1 - smooth solutions of (1) – (5) the support of
perturbation is contained in BR(t). It is a corollary of the local energy estimates
and can be proved as in [6] for symmetric hyperbolic systems. The rotational
term does not give any difference in the prove, since u · Lu = 0.
Lemma 1.1. For C1 - smooth solutions of (1) – (5) the following properties
hold:
m′(t) = 0, (6)
e′(t) = 0, (7)
G′(t) = F1(t) + π ¯̺σ(R+ σt)
3, (8)
F ′2(t) = lF1(t), (9)
F ′1(t) = 2Ek(t)− 2
∫
BR(t)
(p− p¯) dV − lF2(t), (10)
P′(t) = I(t), (11)
I′′(t) + l2I(t) = 0.. (12)
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Proof. The proof is a direct calculation of the derivatives of the integrals over
the moving volume, taking into account (1), (2) and the Stokes formula.
Corollary 1.
lG(t)− F2(t) = lG(0)− F2(0) + lπ ¯̺σ
4
((R + σt)4 −R4)
G′′(t) + l2G(t) = 2(2− γ)Ek(t) +A0 + q(t), (13)
A0 = 2(γ − 1)e(0) + l2G(0)− lF2(0),
q(t) =
l2π ¯̺
4
((R + σt)4 −R4) + 3π ¯̺σ(R+ σt)2.
Proof. The first property follows from (8) and (9). Then together with (10) and
(7) we get (13).
2. Inequalities leading to a contradiction
2.1. Lower and upper bounds of G(t)
In this section, we obtain general estimates that are independent of γ.
Lemma 2.1. For non-trivial C1 - smooth solutions of (1) – (5)
G(t) > 0;
G(t) > φ−(t) ≡ |P(t)|
2
m(0) + ¯̺π(R + σt)2
, (14)
where
|P(t)|2 = P 21 (t) + P 22 (t), Pi(t) =
∫ t
0
Ii(τ)dτ, i = 1, 2,
I1(t) = I1(0) cos lt+
I2(0)
l
sin lt, I2(t) = I2(0) cos lt+
I1(0)
l
sin lt.
Proof. The first statement is evident. To prove the second, we note that from
the Ho¨lder inequality we have
|P(t)|2 6 2G(t)
∫
BR(t)
̺ dV.
The explicit form of P(t) can be found from (12) and (11). 
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Remark 1. If P(t) = 0 (for example, for axisymmetric initial data), the lower
estimate (14) is zero. Otherwise (14) is more exact.
Lemma 2.2. For non-trivial smooth solutions of (1) – (5)
G(t) 6
(R + σt)2
2
(m(0) + ¯̺π(R + σt)2) ≡ φ+(t). (15)
Proof. The estimate follows from (6) and the inequality
G(t) 6
(R + σt)2
2
∫
BR(t)
̺ dV.
2.2. The case γ = 2, the shallow water equations
In this case equation (13) can be easily solved, namely,
G(t) =
1
4
σ4 ¯̺πt4 + σ3 ¯̺πRt3 +
3
2
σ2 ¯̺πR2t2 + σ ¯̺R3t+ (16)
F1(0)
l
sin lt+ (G(0)− A0
l2
) cos lt+
A0
l2
.
Thus, if the behavior of G(t) for some T contradicts the upper and lower es-
timates proved in Sec.2.1,this means that the solution loses smoothness up to
this point in time.
We obtain the following result.
Theorem 2.3. Suppose γ = 2 and there exists a positive T∗ such that the graphs
of functions G(t), given by (16), intersects with φ−(t), given by (14), or with
φ+(t), given by (15). Then the classical solution of the Cauchy problem (1) –
(5) loses smoothness during T < T∗.
Remark 2. Since G(t) is the sum of increasing and oscillating functions, it is
easy to see that if T∗ exists, then T <
2π
l
and
(
A0
l2
)2
−
(
F 21 (0)
l2
+
(
G(0)− A0
l2
)2)
6 0. (17)
However condition (17) is not sufficient for the intersection of graphs of G(t)
and φ−(t).
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Remark 3. Condition (17) holds if and only if
−l2G2(0) + 2F 21 (0) > 0.
It implies that F1 (i.e. the radial part of velocity) is initially large enough.
Indeed, (17) implies
8
l4
e2(0) + (
4
l3
(2lG(0)− F2(0)))e(t) + (l
2G2(0)− F2(0))2 + F 21 (0) + F 22 (0)
l2
6 0,
(18)
the left hand side is a quadratic polynomial with respect to e(0). Thus, if the
determinant of this polynomial, −l2G2(0)+2F 21 (0), is negative, (18) never holds.
2.3. The case γ 6= 2
In this case we need an additional lemma.
Lemma 2.4. Assume
S0(x) = ln p0(x)̺
−γ
0 (x) > ln p¯ ¯̺
−γ ≡ S¯, x ∈ R2. (19)
Then ∫
BR(t)
(p− p¯) dV > γm(0)¯̺γ−1exp S¯ = σ2m(0).
Proof. Denote |BR(t)| = π(R + σt)2. First of all, we notice that (3) and (19)
imply S(t, x) > S¯ for smooth solutions. Thus,∫
BR(t)
(p− p¯) dV =
∫
BR(t)
p dV − p¯|BR(t)| =∫
BR(t)
ργ expS dV − p¯|BR(t)| = exp S¯(
∫
BR(t)
̺γ dV − ¯̺γ |BR(t)|) >
[Jensen’s inequality]
exp S¯(|BR(t)|1−γ((m(t) + ¯̺|BR(t)|)γ − ¯̺γ |BR(t)|) =
exp S¯ ¯̺γ |BR(t)|
((
m(t)
¯̺|BR(t)| + 1
)γ
− 1
)
>
[Bernoulli inequality]
exp S¯ ¯̺γ |BR(t)|
((
1 +
γm(t)
¯̺|BR(t)|
)
− 1
)
= γm(0)¯̺γ−1exp S¯.
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We apply the Bernoulli inequality to obtain(
m(t)
¯̺|BR(t)| + 1
)γ
> 1 +
γm(t)
¯̺|BR(t)| ,
since m(t) + ¯̺|BR(t)| > 0 and therefore m(t)¯̺|BR(t)| > −1. 
Remark 4. Property (19) always holds for isentropic motion (S = const).
2.3.1. γ > 2
From (13) taking into account the fact that G(t) and Ek(t) are nonnegative
we have
G(t) 6 f+(t) ≡ Q(t) + A0
2
t2 +G′(0)t+G(0),
Q(t) =
∫ t
0
∫ τ
0
q(λ)dλdτ.
It is a rough estimate, we can use lower bound (14) to get −l2G(t) 6 −l2φ−(t).
Taking into account (15) and Lemma 2.4 from (13) we also have
G′′(t) = −l2G(t) + 2e(t) + 2(γ − 2)
γ − 1
∫
BR(t)
(p− p¯) dV
+l2G(0)− lF2(0) + q(t) > q(t)− l2ψ+(t) +A1,
A1 ≡ 2e(0) + l2G(0)− lF2(0) + 2(γ − 2)
γ − 1 σ
2m(0).
Thus,
G(t) > f−(t) ≡ Q1(t) + A1
2
t2 +G′(0)t+G(0),
Q1(t) ≡ Q(t) =
∫ t
0
∫ τ
0
(q(λ) − l2ψ+(λ))dλdτ.
Thus, we obtain the theorem.
Theorem 2.5. Suppose that γ > 2 and condition (19) is satisfied. Assume
also that for initial data (5) there exists a positive T∗ such that the graphs of
functions f+(t) and φ−(t) intersect or the graphs of functions f−(t) and φ+(t)
intersect. Then the classical solution of the Cauchy problem (1) – (5) loses
smoothness within a time T < T∗.
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2.4. γ < 2
Analogously to the previous subsection we have from (13)
G′′(t) > q(t)− l2ψ+(t) +A0,
G′′(t) = −l2G(t) + 2e(t) + 2(γ − 2)
γ − 1
∫
BR(t)
(p− p¯) dV
+l2G(0)− lF2(0) + q(t) 6 q(t) +A1,
G(t) > g−(t) ≡ Q(t) + A1
2
t2 +G′(0)t+G(0),
G(t) 6 g+(t) ≡ Q1(t) + A0
2
t2 +G′(0)t+G(0).
Thus, we obtain the theorem.
Theorem 2.6. Suppose that γ < 2 and condition (19) holds. Assume that for
initial data (5) there exists a positive T∗ such that the graphs of functions g+(t)
and φ−(t) intersect or the graphs of functions g−(t) and φ+(t) intersect. Then
a classical solution to the Cauchy problem (1)-(4), (5) loses smoothness within
a time T < T∗.
Remark 5. If the time T∗ from Theorems 2.5 and 2.6 exist, it is sufficiently
small.
3. Analysis of sufficient conditions for blowup and examples
In this section we are going to discuss the following questions:
• Can sufficient conditions be satisfied for any data?
• If so, is it possible to judge what kind of singularity arises?
• How rough are the sufficient conditions for the singularity formation? How
far are they from the criterion?
• What factors promote or prevent blowup?
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1. Let us show that the first question is not trivial. Indeed, we can set for
the sake of simplicity l = 0, ¯̺ = p¯ = σ = 0 and consider axisymmetric initial
conditions to have φ− = 0. Then for smooth nontrivial solutions we have
G′′(t) = 2e(0), G′(t) = F1(t),
e(0) = Ek(t) +
∫
BR(t)
p dV > Ek(t) > 0.
Thus,
G(t) = e(0)t2 +G′(0)t+G(0), (20)
and G(t) vanishes if and only if
(G′(0))2 > 4e(0)G(t). (21)
Nevertheless, due to the Ho¨lder inequality (G′(t))2 = (F1(t))
2 6 4Ek(t)G(t) <
4e(0)G(t). Thus, we get a contradiction with (21) and cannot find the initial
data that lead to the blowup. At the same time, it is well known [16] that any
solution with compactly supported initial data loses smoothness in a finite time.
This example shows that sufficient conditions for vanishing G(t) do not de-
tect the possible formation of a singularity.
For our simple example, a different method may be proposed. Namely, (20)
implies that G(t) is unbounded. However, from (15) we get that in our case
G(t) 6 R
2
2 m(0) ≡ Gm. This contradiction show that any nontrivial solution
blowups (in fact, we reproduce the method of proof from [16]).
2. In contrast to the case l = 0, for l 6= 0 sufficient conditions from Theorems
2.3, 2.5, 2.6, not always imply a blowup for compactly supported initial data.
For example, for any γ > 1 we can write
G′′(t) > 2e(0)− l2(Gm −G(0))− lF2(0) ≡ A3.
Thus, to obtain a contradiction with the inequality G(t) 6 Gm, we can require,
for example, A3 > 0. Nevertheless, since Gm − G(0) > 0, for any initial data
we can obtain A3 < 0, increasing l.
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3. Analysis of sufficient conditions, considered in this paper, show that as
l increases, then harder to detect a blowup. Of course this still does not mean
that the rotation prevents a blowup. We can draw this conclusion only if there
is a criterion for the formation of a singularity (see Example 2 for the case of
pressureless gas dynamics). Thus, here we can conclude that increasing rotation
we can obtain globally smooth in time solution starting from any smooth initial
data.
Further, the absence of axial symmetry also promotes the implementation
of sufficient conditions, since a nonzero lower bound ψ− for G(t) arises.
And finally, the lower the speed of sound (that is, the speed of propagation
of the support), the simpler the fulfillment of the integral sufficient conditions.
4. From the Ho¨lder inequality we have
(F1(t))
2 = (G′(t)) 6 4G(t)Ek(t), (22)
therefore if G(t) → 0 as t → T , and F1(T ) 6= 0, then Ek(t) → ∞ as t → T .
Therefore, provided the solution keeps smoothness up to the time T , the density
and/or velocity tend to infinity.
5. Inequality (3) also allows to estimate the kinetic energy Ek from below.
Namely,
Ek(t) >
(F1(t))
2
4G(t)
>
(F1(t))
2
4ψ+(t)
.
6. The sufficient conditions considered here help to find perturbations of
initial data which are so strong they almost immediately generate a singularity.
Indeed, for large t function G(t) increases. However, the growth rate as t→∞
is slower than the growth rate of its upper boundary ψ+ (for the case γ = 2 it
is easier to see).
3.1. Example 1
As an example, we consider perturbations of a steady vortex, constructed
following to [9] in the isentropic case (S = const). Below we set l = 1.
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Figure 1: Profiles of density and pressure for a steady state solution (Example 1)
As the initial data, which are a perturbation of a constant state inside |x| =
r 6 R = 1 we choose
u0 =
Φ′(r)
r

 ǫ 1
−1 ǫ



 x1
x2

 , (23)
where
Φ =
b
4

 r
2(2 − r2), r 6 1
1, r > 1
,
and
p0 = (Π¯ + Π)
γ , ̺0 =
(p0
C
) 1
γ
,
where
Π =
b
12

 (2br
4 + 3b(1− 2b)r2 + 6(b− 1)), r 6 1
2b− 3, r > 1
.
We set γ = 2, so we have an explicit formula for G(t), and choose C = 14 ,
Π¯ = 1. The constant b is a measure of vorticity, for our computations we choose
b = −4. If ǫ = 0, the initial data correspond to a steady state. ǫ > 0 corresponds
to initially divergent motion, whereas ǫ < 0 corresponds to initially convergent
one. Fig.1 presents initial profiles of density and pressure as functions of r inside
the support of perturbation.
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Figure 2: G(t) and φ
−
(t) = 0 for ǫ = 10 (left); G(t) and φ+(t) for ǫ = −10 (right).
Pic.2 shows the intersection of graphs of G(t) and φ− = 0 (the data are
axisymmetric) for ǫ = 10, highly convergent motion (left) and the intersection
of graphs of G(t) and φ+(t) for ǫ = −10, highly divergent motion (right). We
can see that the singularity appears very fast.
3.2. Example 2
We study how far the sufficient conditions for the singularity formation are
far from the criterion on the example of pressureless gas dynamics, i.e. C = 0.
It seems, that this the only example of multidimensional gas dynamics, where
the criterion is known. It was obtained in [4] in Lagrangean formulation and in
[13] in Eulerian formulation. In [13] an integral representation of the solution
is also obtained. Namely, a solution of (1), (2), p = 0, keeps smoothness for all
t > 0 if and only if for every point (x1, x2) ∈ R2
(divu0)
2 − 4 J(u0)− 2 l rotu0 − l2 < 0, (24)
where J(u0) = det
(
∂u0i
∂xj
)
, i, j = 1, 2, rotu0 = (u02)x1 − (u01)x2 .
As initial compactly supported velocity u0 we choose (23) and ̺0 = 1, the
parameter l = 1 as before. It can be readily checked by means of (24) that for
ǫ = 0 the solution to the Cauchy problem for (1)-(2), p = 0, keeps smoothness
for all t > 0 if b ∈ (−0.1, 0.2) (left and right bounds are approximate). We
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are going to test the solution with parameter b = −0.05. First we perturb
the radial component of initial data. Computations show that the solution
remain smooth only for ǫ ∈ (−7, 2.5) If ǫ does not belong to this domain there
are points generating singularity (the bounds are approximate). For ǫ > 0 (a
divergent motion) these points are close to the boundary of support, for ǫ < 0
(a convergent motion) these points are close to the center. The function G(t)
obeys the equation
G′′(t) + l2G(t) = 2e(0) + l2G(0)− lF2(0) ≡ A4,
therefore the solution can be found explicitly. It is also easy to find conditions
that contradict bilateral inequality 0 6 G(t) 6 Gm. The conditions look like
(17), namely (
A0
l2
)2
−
(
F 21 (0)
l2
+
(
G(0)− A0
l2
)2)
6 0.
and (
Gm − A0
l2
)2
−
(
F 21 (0)
l2
+
(
G(0)− A0
l2
)2)
6 0.
Both conditions give approximately the same limitations on ǫ leading to a
blowup, |ǫ| > 30. However, we saw that, in fact, the solutions already blow up
for |ǫ| > 7. Thus, the sufficient conditions for a singularity formation considered
here are quite rough and the class of initial data such that the corresponding
solution loses smoothness, much broader than that specified in integral sufficient
conditions, so they are far from being precise.
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